Assignment 5 Supplement
Algorithm Design and Analysis

bitjoy.net
January 15, 2016

3 Unique Cut

Here is the solution excerpted from stanford!.

First compute a minimum s —¢ cut C?, and define its volume by |C|. Let ey, e, ..., e
be the edges in C. For each ¢;, try increasing the capacity of e; by 1 and compute a
minimum cut in the new graph. Let the new minimum cut be C;, and denote its
volume(in the new graph) as |C;|. If |C| = |C;| for some i, then clearly C; is also a
minimum cut in the original graph and C' # C}, so the minimum cut is not unique.
Conversely, if there is a different minimum cut C” in the original graph, there will be
some e; € C' that is not in C”, so increasing the capacity of that edge will not change
the volume of C’, thus |C| = |C;]. In conclusion, the graph has a unique minimum cut
if and only if |C| < |Cy] for all i. The algorithm takes at most m + 1 computing of
minimum cuts, and therefore runs in polynomial time.

BB
SEB Q= (V,E), £ G FRIBARESE, BRRAR G 7 G, WA
s UL ¢ AHFER SIS V7 £V, TR /NELRME —, 75—,
A v e V-V, A o AFEROGLRH L CLWR T (B0 o &%
A D, TP 5 NEIRERT LB o (NG, ABRTLLE] o [, BTl EI A

o

4 Problem Reduction

Suppose we have a matrix like Figure 1, for each point except s and ¢, we split it
into two points, we get Figure 2.

We set the capacity of all edges as 1, which forces each point can’t be walk through
more than once. We set the cost between sub-points of one original point as the original
number. One path (s — ¢ — s) without duplicate points equals to two paths (s —
t), (s — t) without duplicate points, so we set the objective of the extended network as
2.

By running minimum cost flow algorithm, we can find the minimal cost from s to ¢
and back to s.

'http://stanford.edu/~rezab/discrete/Midterm/pmidtermIsoln.pdf
’http://stackoverflow.com/a/4490705/2468587


http://bitjoy.net
http://stanford.edu/~rezab/discrete/Midterm/pmidtermIsoln.pdf
http://stackoverflow.com/a/4490705/2468587

A\ A\
© A
;

@ Figure 2: Extended network for Figure

1,C(e) = 1 for all edges and the weight
Figure 1: Original matrix with numbers. shows on the line, the objective is 2.

6 Maximum Cohesiveness

Here is the solution excerpted from iitd?.
Given a graph G =< V, E,W >, we construct a network graph G’ as follows.

o There is a vertex v corresponding to every vertex v in G.

« There is a vertex v;; corresponding to each edge e;; in G.

o There is a source s and a sink vertex ¢.

« Vertex v;; has edges to vertex ¢ and j. This has capacity oo.

o There is an edge from s to all vertexes v;;. These edges have capacity w;;.

o There is an edge from every vertex v to t with capacity a.

Figure 3: Original undirected graph G. Figure 4. Extended network G’.
Let (A, B) be a min-cut in G’. Let S be the vertexes on the right that are in B.

o Claim 1: If v;; is in A, then both ¢ and j are in A, otherwise (v;;,%) or (v;;, ) can
be augmented, it isn’t a maximal flow.

e Claim 2: If 7 and j is in A, then v;; is in A.

Shttp://www.cse.iitd.ac.in/~rjaiswal/2011/cs1356/Notes/Week-11/lec-2.pdf
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o Claim 3: The capacity of min cut, C(A, B) = e(Total) — e(S) + | S|«

o Claim 4: There is a subset S with cohesiveness > « if and only if C(A, B) <
e(Total).

If Claim 4 holds, we have C(A, B) < e(Total) < e(Total) — e(S) + |S|a < e(Total)
< e(9)/|S] > a < S is the maximum cohesiveness.
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