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I choose problem 2,3,5.

2 Greedy Algorithm
2.1 Algorithm description

We sort the jobs in descending finishing time fi, and run them one by one on super-
computer. In this schedule, we will get a minimum completion time.

Let array J be the jobs array, Ji needs pi seconds of time on the supercomputer,
followed by fi seconds of time on a PC. The pseudo-code like this:

JOBS-SCHEDULING(J)

1 sort J in descending finishing time fi
2 run jobs in J one by one on supercomputer

2.2 Correctness of the algorithm
We can prove that algorithm JOBS-SCHEDULING can find an optimal schedule G

by exchange argument.
For any given schedule H ̸= G, we can repeatedly exchange adjacent jobs so as to

convert H to G without increasing the completion time.
Suppose there are two adjacent jobs Ji and Jj in schedule H, i < j and fi < fj.

Before exchanging, Ji is first performed on supercomputer(S.comp), followed by Jj. As
soon as Ji is finished on S.comp, it is shifted onto PCi, so is Jj. The process shows on
Figure 1(a).

Let H ′ be the new schedule after exchanging Ji and Jj, as Ji and Jj is adjacent,
all jobs except Ji and Jj are finished on the same time as in schedule H. The time Ji
finished on S.comp in H ′ is the same as the time Jj finished on S.comp in H, say t′1 = t1
in Figure 1. But fi < fj, so Ji will be finished earlier in S ′ than Jj would be finished in
S, say t′2 < t2.

So, our exchanged schedule H ′ doesn’t have a greater completion time than H, that’s
say schedule G is the optimal schedule.
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Figure 1: Jobs process before (a) and after (b) exchanging Ji and Jj.

2.3 Complexity of the algorithm
Suppose there are n jobs in J . In algorithm JOBS-SCHEDULING, we first sort all

jobs, then run it one by one on supercomputer, so the time complexity is O(nlgn).

3 Greedy Algorithm
3.1 Algorithm description

Let array B and G be the height of boys and girls respectively. We first sort B
and G in descending order, then combine bi and gi as a pair. In this way, we will get
minimum 1

n

∑n
i=1 |bi − gi|. The pseudo-code like this:

MIN-HEIGHT-DIFF(B,G)

1 sort B in descending order
2 sort G in descending order
3 for i = 1 to n
4 combine bi and gi as a pair

3.2 Correctness of the algorithm
We can prove that algorithm MIN-HEIGHT-DIFF can find an optimal matching

solution S by exchange argument.
For any given solution S ′ ̸= S, we can repeatedly exchange two pairs so as to convert

S ′ to S without increasing the average difference.
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Figure 2: Matching before (a) and after (b) exchange pair < bi, gi > and < bj, gj >, we
have d ≤ d′.

Before exchanging, we have two pairs < bi, gi > and < bj, gj > which satisfy bi > bj
and gi < gj (bi < bj and gi > gj should be the same). The total difference of them is
d′ = |bi − gi|+ |bj − gj|.

After exchanging, we have two new pairs < bi, gj > and < bj, gi >. The new
difference is d = |bi − gj|+ |bj − gi|. So we have to prove that d ≤ d′.

As bj < bi and gi < gj, there are total six order sequence of them:

1. gi < gj < bj < bi

2. gi < bj < gj < bi

3. gi < bj < bi < gj

4. bj < gi < gj < bi

5. bj < gi < bi < gj

6. bj < bi < gi < gj

As for case 1, d′ = bi − gi + bj − gj and d = bi − gj + bj − gi, so d = d′. Similarly,
d = d′ for case 6 and d < d′ for case 2,3,4,5. So, we have d ≤ d′. That’s to say, for any
given solution S ′ ̸= S, we can convert it to S without increasing the average difference,
so solution S is the optimal solution.

3.3 Complexity of the algorithm
Suppose there are n boys and n girls, according to the pseudo-code, we have to sort

twice and scan once, so the time complexity is O(nlgn).

5 Programming
I implemented the Huffman code compression algorithm in C++, huffman code

information is contained in the compressed file and the compression is lossless.
Here is the code, followed by detailed results.
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1 #inc lude<iostream>
2 #inc lude<s t r i ng>
3 #inc lude<fstream>
4 #inc lude<vector>
5 #inc lude<map>
6 #inc lude<l i s t >
7 us ing namespace std ;
8 const i n t MAX_LEN = 10*1024*1024; // read 10MB every time
9 const unsigned char MARKS[ 8 ] = { 0x80 , 0 x40 , 0 x20 , 0 x10 , 0 x8 , 0 x4 , 0 x2 , 0 x1 } ; //

x&MARKS[ i ] to g e t i t h b i t
10 c l a s s HuffmanCode
11 {
12 pub l i c :
13 HuffmanCode ( ) {} ;
14

15 // count l e t t e r f requency in f i l e s rc
16 void CountLetter ( s t r i n g s r c )
17 {
18 i f s t r e am i s ( src , i o s : : b inary ) ;
19 char *buf = new char [MAX_LEN] ;
20 whi le ( i s . peek ( ) != EOF)
21 {
22 i s . read ( buf , MAX_LEN) ;
23 i n t l en = i s . gcount ( ) ;
24 f o r ( i n t i = 0 ; i < l en ; i++)
25 l e t t e r_count [ buf [ i ] ]++;
26 }
27 i s . c l o s e ( ) ;
28 de l e t e [ ] buf ;
29

30 map<char , int >: : i t e r a t o r i t = le t t e r_count . begin ( ) ;
31 whi le ( i t != l e t t e r_count . end ( ) )
32 {
33 Node nd(−1 , true , i t−>f i r s t , −1, −1, −1) ;
34 count_node . i n s e r t ( pair<int , Node>( i t−>second , nd) ) ;
35 i t ++;
36 }
37 }
38

39 void ConstructHuffmanTree ( )
40 {
41 huffman_tree . r e s i z e ( l e t t e r_count . s i z e ( ) * 2 − 1) ; // n=2n_0−1
42 i n t k = 0 ;
43 multimap<int , Node>: : i t e r a t o r i t1 , i t 2 ;
44 whi le ( count_node . s i z e ( ) > 1)
45 {
46 i t 2 = count_node . begin ( ) ;
47 i t 1 = i t 2 ;
48 i t 2++;
49 i f ( ( i t1−>second ) . i s_ l e a f )
50 {
51 ( i t1−>second ) . id = k ;
52 ( i t1−>second ) . parent = k + 1 ;
53 huffman_tree [ k++] = i t1−>second ;
54 }
55 e l s e
56 huffman_tree [ ( i t1−>second ) . id ] . parent = k ;
57

58 i n t p = huffman_tree [ ( i t1−>second ) . id ] . parent ;
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59 i f ( ( i t2−>second ) . i s_ l e a f )
60 {
61 ( i t2−>second ) . id = p + 1 ;
62 ( i t2−>second ) . parent = p ;
63 huffman_tree [ p + 1 ] = i t2−>second ;
64 k = p + 2 ;
65 }
66 e l s e
67 {
68 huffman_tree [ ( i t2−>second ) . id ] . parent = p ;
69 k = p + 1 ;
70 }
71 Node pnd(p , f a l s e , ’ ’ , −1, ( i t1−>second ) . id , ( i t2−>second ) . id

) ;
72 huffman_tree [ p ] = pnd ;
73 count_node . i n s e r t ( pair<int , Node>( i t1−>f i r s t + i t2−>f i r s t , pnd

) ) ;
74 count_node . e r a s e ( i t 1 ) ;
75 count_node . e r a s e ( i t 2 ) ;
76 }
77 i t 1 = count_node . begin ( ) ;
78 huffman_tree [ ( i t1−>second ) . id ] . parent = −1; // root o f huffman

t r e e
79 }
80

81 void GenerateHuffmanCode ( )
82 {
83 f o r ( i n t i = 0 ; i < huffman_tree . s i z e ( ) ; i++)
84 {
85 i f ( huffman_tree [ i ] . i s_ l e a f )
86 {
87 vector<char> inverse_code ;
88 i n t j = i , k ;
89 // ge t i n v e r s e huffman code by back t rac ing
90 whi le ( huffman_tree [ j ] . parent != −1)
91 {
92 k = huffman_tree [ j ] . parent ;
93 i f ( huffman_tree [ k ] . l c h i l d == j )
94 inverse_code . push_back ( ’ 0 ’ ) ; // 0 f o r l e f t
95 e l s e
96 inverse_code . push_back ( ’ 1 ’ ) ; // 1 f o r r i g h t
97 j = k ;
98 }
99 r e v e r s e ( inverse_code . begin ( ) , inverse_code . end ( ) ) ;

100 l e t t e r_hcode [ huffman_tree [ i ] . l e t t e r ] = inverse_code ;
101 }
102 }
103 }
104

105 //we f i r s t wr i t e huffmancode as meta data o f compressed f i l e
106 void WriteHuffmanCode ( ofstream &os )
107 {
108 map<char , vector<char >>:: i t e r a t o r i t = le t te r_hcode . begin ( ) ;
109 i n t cnt = let te r_hcode . s i z e ( ) ;
110 os . wr i t e ( ( const char *)&cnt , s i z e o f ( i n t ) ) ; // number o f l e a f nodes
111 whi le ( i t != le t te r_hcode . end ( ) )
112 {
113 os . wr i t e (&( i t−>f i r s t ) , s i z e o f ( char ) ) ;
114 cnt = ( i t−>second ) . s i z e ( ) ;
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115 os . wr i t e ( ( const char *)&cnt , s i z e o f ( i n t ) ) ;
116 os . wr i t e (&(( i t−>second ) [ 0 ] ) , ( i t−>second ) . s i z e ( ) * s i z e o f ( char ) )

;
117 i t ++;
118 }
119 char c = ’ \n ’ ;
120 cnt = −1;
121 os . wr i t e (&c , s i z e o f ( char ) ) ; os . wr i t e ( ( const char *)&cnt , s i z e o f ( i n t

) ) ; // end o f huaffman code
122 }
123

124 void Compressing ( s t r i n g src , s t r i n g dest )
125 {
126 i f s t r e am i s ( src , i o s : : b inary ) ;
127 ofstream os ( dest , i o s : : b inary ) ;
128 WriteHuffmanCode ( os ) ;
129 char * is_buf = new char [MAX_LEN] , *os_buf = new char [MAX_LEN] ;
130 l i s t <char> tmp_hcode ;
131 i n t start_pos = 0 , i , j , k , len , t ;
132 char c ;
133 l i s t <char >: : i t e r a t o r i t ;
134 whi le ( i s . peek ( ) != EOF)
135 {
136 i s . read ( is_buf , MAX_LEN) ;
137 l en = i s . gcount ( ) ;
138 f o r ( i = 0 ; i < l en ; i++)
139 tmp_hcode . i n s e r t ( tmp_hcode . end ( ) , l e t te r_hcode [ is_buf [ i ] ] .

begin ( ) , l e t t e r_hcode [ i s_buf [ i ] ] . end ( ) ) ;
140 k = tmp_hcode . s i z e ( ) / 8 ;
141 t = 0 ; i = 0 ;
142 i t = tmp_hcode . begin ( ) ;
143 whi le ( i < 8 * k )
144 {
145 c = 0x0 ;
146 f o r ( j = i ; j <= i + 7 ; j++)
147 {
148 c = (* i t == ’ 1 ’ ) ? ( c | (1 << ( i + 7 − j ) ) ) : c ;
149 i t ++;
150 }
151 os_buf [ t++] = c ;
152 i += 8 ;
153 }
154 os . wr i t e ( os_buf , t * s i z e o f ( char ) ) ;
155 tmp_hcode . e r a s e ( tmp_hcode . begin ( ) , i t ) ;
156 }
157 c = 0x0 ;
158 i = 7 ;
159 bool done = true ;
160 whi le ( i t != tmp_hcode . end ( ) )
161 {
162 done = f a l s e ;
163 c = (* i t == ’ 1 ’ ) ? ( c | (1 << i ) ) : c ; // l e f t b i t s
164 i−−;
165 i t ++;
166 }
167 i f ( ! done ) os . wr i t e (&c , s i z e o f ( char ) ) ;
168 c = 7 − i ;
169 os . wr i t e (&c , s i z e o f ( char ) ) ; // mark f o r the l a s t by t e .
170 i s . c l o s e ( ) ;
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171 os . c l o s e ( ) ;
172 de l e t e [ ] i s_buf ;
173 de l e t e [ ] os_buf ;
174

175 }
176

177 void Compress ( s t r i n g src , s t r i n g dest )
178 {
179 CountLetter ( s r c ) ;
180 ConstructHuffmanTree ( ) ;
181 GenerateHuffmanCode ( ) ;
182 Compressing ( src , des t ) ;
183 }
184

185 void InsertIntoHuffmanTree ( char l e t t e r , s t r i n g &code , i n t &k)
186 {
187 i n t parent = 0 ;
188 f o r ( i n t i = 0 ; i < code . s i z e ( ) ; i++)
189 {
190 i f ( code [ i ] == ’ 0 ’&&huffman_tree [ parent ] . l c h i l d == −1)
191 {
192 Node nd(k , f a l s e , ’ ’ , parent , −1, −1) ;
193 huffman_tree [ k ] = nd ;
194 huffman_tree [ parent ] . l c h i l d = k ;
195 parent = k++;
196 }
197 e l s e i f ( code [ i ] == ’ 1 ’&&huffman_tree [ parent ] . r c h i l d == −1)
198 {
199 Node nd(k , f a l s e , ’ ’ , parent , −1, −1) ;
200 huffman_tree [ k ] = nd ;
201 huffman_tree [ parent ] . r c h i l d = k ;
202 parent = k++;
203 }
204 e l s e parent = ( code [ i ] == ’ 0 ’ ) ? huffman_tree [ parent ] . l c h i l d :

huffman_tree [ parent ] . r c h i l d ;
205 }
206 huffman_tree [ parent ] . i s_ l e a f = true ;
207 huffman_tree [ parent ] . l e t t e r = l e t t e r ;
208 }
209

210 void ConstructHuffmanTreeFromFile ( i f s t r e am &i s )
211 {
212 char l e t t e r ; i n t l en ;
213 i s . read ( ( char *)&len , s i z e o f ( i n t ) ) ; // f i r s t read number o f l e a f

nodes
214 huffman_tree . r e s i z e (2 * l en − 1) ; // n=2n_0−1
215 Node root (0 , f a l s e , ’ ’ , −1, −1, −1) ;
216 huffman_tree [ 0 ] = root ;
217 i n t k = 1 ;
218 whi le ( t rue )
219 {
220 i s . read(& l e t t e r , s i z e o f ( char ) ) ;
221 i s . read ( ( char *)&len , s i z e o f ( i n t ) ) ;
222 i f ( l e t t e r == ’ \n ’&&len == −1)break ;
223 s t r i n g code ( len , ’ \0 ’ ) ; // char *tmp = new char [ l en + 1 ] ; tmp [

l en ] = ’\0 ’ ;
224 i s . read(&code [ 0 ] , l en * s i z e o f ( char ) ) ;
225 InsertIntoHuffmanTree ( l e t t e r , code , k ) ;
226 }
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227 }
228 void Decompressing ( i f s t r e am &is , o f stream &os )
229 {
230 char * is_buf = new char [MAX_LEN] , *os_buf = new char [MAX_LEN] ;
231 l i s t <char> tmp_hcode ;
232 l i s t <char >: : i t e r a t o r i t1 , i t 2 ;
233 i n t len , i , j , p , t ;
234 bool las t_read = f a l s e ;
235 char c ;
236 whi le ( i s . peek ( ) != EOF)
237 {
238 i s . read ( is_buf , MAX_LEN) ;
239 l en = i s . gcount ( ) ;
240 i f ( l en < MAX_LEN) last_read = true ;
241 f o r ( i = 0 ; i < l en ; i++)
242 {
243 i f ( la s t_read && ( i == len − 2) ) break ;
244 c = ( unsigned char ) is_buf [ i ] ;
245 f o r ( j = 0 ; j < 8 ; j++)
246 tmp_hcode . i n s e r t ( tmp_hcode . end ( ) , ’ 0 ’ + ( ( c&MARKS[ j ] )

>> (7 − j ) ) ) ;
247 }
248 i f ( la s t_read )
249 {
250 i n t b = is_buf [ l en − 1 ] ; // only b b i t s in ( len −2) th by t e

used
251 c = is_buf [ l en − 2 ] ;
252 f o r ( j = 0 ; j < b ; j++)
253 tmp_hcode . i n s e r t ( tmp_hcode . end ( ) , ’ 0 ’ + ( ( c&MARKS[ j ] )

>> (7 − j ) ) ) ;
254 }
255 i t 1 = tmp_hcode . begin ( ) ;
256 t = 0 ;
257 whi le ( i t 1 != tmp_hcode . end ( ) )
258 {
259 p = 0 ;
260 i t 2 = i t 1 ;
261 whi le ( ! huffman_tree [ p ] . i s_ l e a f )
262 {
263 p = (* i t 1 == ’ 0 ’ ) ? huffman_tree [ p ] . l c h i l d :

huffman_tree [ p ] . r c h i l d ;
264 i t 1++;
265 i f ( i t 1 == tmp_hcode . end ( ) ) break ;
266 }
267 i f ( huffman_tree [ p ] . i s_ l e a f ) os_buf [ t++] = huffman_tree [ p ] .

l e t t e r ;
268 i f ( i t 1 == tmp_hcode . end ( ) )
269 {
270 i f ( huffman_tree [ p ] . i s_ l e a f ) tmp_hcode . c l e a r ( ) ;
271 e l s e tmp_hcode . e r a s e ( i t 2 ) ;
272 break ;
273 }
274 }
275 os . wr i t e ( os_buf , t * s i z e o f ( char ) ) ;
276 }
277 de l e t e [ ] i s_buf ;
278 de l e t e [ ] os_buf ;
279

280 }
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281 void Decompress ( s t r i n g src , s t r i n g dest )
282 {
283 i f s t r e am i s ( src , i o s : : b inary ) ;
284 ofstream os ( dest , i o s : : b inary ) ;
285 ConstructHuffmanTreeFromFile ( i s ) ;
286 Decompressing ( i s , os ) ;
287 i s . c l o s e ( ) ;
288 os . c l o s e ( ) ;
289 }
290

291 pr i va t e :
292 map<char , int> le t t e r_count ;
293 typede f s t r u c t Node
294 {
295 i n t id ;
296 bool i s_ l e a f ;
297 char l e t t e r ;
298 i n t parent , l c h i l d , r c h i l d ;
299 Node ( ) {}
300 Node( i n t i , bool i l , char l t , i n t p , i n t l c , i n t rc )
301 : id ( i ) , i s_ l e a f ( i l ) , l e t t e r ( l t ) , parent (p) , l c h i l d ( l c ) , r c h i l d

( rc ) {}
302 } ;
303 multimap<int , Node> count_node ;
304 vector<Node> huffman_tree ;
305 map<char , vector<char>> let te r_hcode ; // hufman code f o r each l e t t e r
306 } ;
307 i n t main ( )
308 {
309 // s t r i n g s r c_ f i l e = ”Aesop_Fables . t x t ” ;
310 s t r i n g s r c_ f i l e = ”graph . txt ” ;
311 s t r i n g compres sed_f i l e = ” compressed . hz ip ” ;
312 s t r i n g decompressed_f i l e = ”decompressed . txt ” ;
313 HuffmanCode hc ;
314 hc . Compress ( s r c_ f i l e , compres sed_f i l e ) ;
315 //hc . Decompress ( compressed_f i le , decompressed_f i l e ) ;
316 re turn 0 ;
317 }

The compression results are showed below:

Table 1: Compression results of my implementation
File Size before compressed Size after compressed Compression ratio

Aesop_Fables.txt 186KB 107KB 57.53%
graph.txt 2046KB 910KB 44.48%

As the size of Aesop_Fables.txt is much smaller than graph.txt’s, so former com-
pression ratio is bigger than latter’s. What’s more, 90% content of graph.txt is numbers,
so the height of its huffman tree is smaller than Aesop_Fables.txt’s, more bytes will be
converted to shorter bits, so the compression ratio is bigger.
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